INTRODUCTION
The use of strong plasma waves excited by laser beams for electron acceleration has been considered [2]. Since then the subject has grown tremendously and become an area of intense research. Many variant acceleration schemes have been suggested: plasma beat wave accelerator, laser wakefield accelerator, plasma wakefield accelerator. These differ in details and how one excites the wakefield or accelerating structure, but the basic idea is common. They also share common mathematical treatment when considered as an element of a system of a large scale accelerator. There are many possible applications of plasma based accelerators and one of them, perhaps the most challenging, is for construction of a linear collider. It is believed that conventional linear colliders can go up to 1 TeV center of mass energy of colliding particles [3]. However, beyond that probably some new technology needs to enter. A feature of plasma based accelerators is their ability to sustain extremely large acceleration gradients 6-1 GV/m 1. Correspondingly we can hope to achieve high energy gains an short distance. Such a machine, no doubt, consists of a large number of elements t o reach for a desired energy and forms a complex system. In order to identify the most crucial research questions in such a complex problem, it is necessary t o design a strawman's system, no matter how simplistic it may be, and to try to analyze and deduce the fundamental properties of such a system. Such a strawman's design was in fact carried out for the first time for a wakefield acceleration-based collider in the last AAC meeting [4]. For an accelerator for high energy physics the energy is one of the important parameters, but there are many others that are crucial for such an accelerator. For instance, low emittance is a h nmessaq. This is because the cross-section of collisions decreases inversely proprtional t o the energy of the beams and thus we need high luminosity to detect new physics. The requirement for luminosity, in turn, demands for low emittance. The geometrical luminosity is given by
where fc is the collision frequency, N is the particle number per bunch and ox and oy are the r.m.s. beam sizes at the IP (interaction point). Thus, it is important to analyze the performance of laser wakefield accelerators not only energy-wise but also with respect to all other relevant beam parameters. The first thing to notice is that the whole acceleration process takes place over a period too short for ions t o move. Therefore the analysis may be limited to considering the electron motion only in a background of immobile ions. This not only simplifies analysis, but (generally speaking) stabilizes the system, as immobile ions anchor electrons and photons. In most scenarios the desired final energy of accelerating particles ( m TeV) cannot be achieved over a single acceleration stage. Thus we need to evaluate the effects associated with multistaging and to analyze the complete acceleration proceas. In the present investigation we limit ourselves to the linear regime of wakefield generation. A major simpMpcation arises from the separate treatment of beam electrons and plasma electrons. The plasma electrons are supporting the wakefield but not trapped by it. This is the sequence of the linear regime. On the other hand, the beam electrons are affected (accelerated and focused) by the wakefield.
In Sec.
2 of this paper we analyze the Laser Wakefield Accelerator (LWFA) in thie case of an initially homogeneous plasma and obtain expressions in a similar way as in [5] for the longitudinal and radial wakefields in the case of cylindrical geometry. The motion of an accelerated particle beam is considered in Sec.3. With the help of some simplifying assumptions valid in the ultrarelativistic case, we integrate thie single particle motion. Based on the single stage analytical results, in Sec.4 we derive a map for multistage LWFA, which is used as a base for a tracking code. In Sec.5 we analyze the effect of random dislocations of the accelerating stages on the beam emittance. These dislocations combined with unavoidable spread in individual particle betatron frequencies lead to a considerable emittance growth which may require alternative LWFA design. Conclusions are drawn in Sec.6.
WAKEFIELD MODEL
A short high power laser pulse propagating in plasma can excite wakefields which may be used for acceleration of charged particles. In the linear regime the plasma responds to the ponderomotive force acting on plasma electrons: 
where n is the electron density and y is the Lorenz factor. These equations could be solved perturbatively, assuming that the density perturbation is relatively small.
For a laser pulse of the form (with a pulse length 11, spot radius r,)
where 5 = z -ct, the maximum electric field in the z-direction behind the pulse The maximum field (7) is rea&& when itbe resmmce cc~n&tim is satisfied: Xp x 11, where A, is the plasma wave wavelength 2.rrcJuP. The transverse electric field E T and magnetic field Bo are generated according to the Panofski-Wenzel theorem [6] leading to
We observe that for a relativistic particle (vz N" c) the transverse force will be proportional to (E, -Bo). There is a region in the wake (quarter period) where a relativistic electron experiences simultaneous acceleration and transverse and longitudinal focusing. This feature of the LWFA makes it different from the conventional accelerators and we do not need the alternating gradient principle here. At the same time, however, it may pose a problem, as we shall see in Sec.5. The wakefield structure of this model is common to other sisters of wakefield accelerators such as PBWA and PWA (See, for example, [7] ).
ELECTRON MOTION IN THE PLASMA WAKEFIELD
The main acceleration follows an electron injector which can be used as a charged particle source for our accelerator. Designing such an injector is a task itself (e.1;.
[8], [9] , [lo] ), but we leave it to investigation elsewhere.
We consider the motion? of high energy electrons of the beam in the plasma wakefield. The ~~m p l i~~t t~l pmblem may be simplified to obtain the essential dynamics as far as the beam partide d p d c s is mncerned with the following wsmptions:
1. The region in the phase space occupied by the beam is small.
2.
The wakefield is not affected by the beam (the beam loading effect, howeve:r, will be considered in a follow up paper to be published in the same proceedings).
3.
The particles in the beam are highly relativistic and move predominantly in z-direction (which is the direction of propagation of the laser pulse).
.
The motions in z and y are decoupled.
No interaction among the beam particles.
6. The laser pulse does not evolve.
These assumptions do not take into account a significant part of the physics of all the processes. Work in progress on the problem will relax some of these assumptions. The wakefield generated by the beam can be included in the considerations using the results in [ll] . This will be carried out in a follow-up paper to be published in the present proceedings. Assumption 5 is probably good enough for high energy particles and relatively low currents, because the space charge force diminishes by a factor of l/y2. Assumption 6 is related to the pump-depletion problem [12] and also should be taken into account in the future. Starting with the single particle equation of motion and assuming that the beam particles are close to the z-axis, we obtain the following basic system of differential equations for the longitudinal motion
where \3/ is the particle phase with respect to the wakefield. For the transverse motion where Here EO = cmou,/e, kp = u p / c , up is the phase velocity of the wake and u and pU stand for transverse variables x and p , or y and pu. After convenient normalizations, the important points are that we use kp z as our time coordinate and the energy and the phase of the particles with respect to the wake are our 'longitudinal' variables.
Equations (12), (13) decouple from (14) and (15) and we can consider these two sets indepmdently. The Pimsst. s& is emvmkdy analyzed using the following one-dimensional HamdEtonim where
In the phase space formed by the first pair of variables (y, @) we have stable fixed points:
Them are two phase space regions -trapped, where the particles execute bounded motion and untrapped one, where the motion is unbounded in Q direction (see Figure 1 ). Because we are primarily interested in high energy physics applications of wakefield accelerator here, we consider the untrapped case, where the particle orbits me well above the separatrix. It is important to understand that even initially we have very high energy particles, so the upper untrapped region is our operating region.
We can further simplify the equations of motion for y and Q by putting p = 1 to obtain: y = yp and Q = 7r/2 + 2n7r and unstable fixed points: (211) where yp = 1 / { -. These equations are integrated directly to give
where 5 = kpz and Qo is the initial phase of wakefield. First we observe that the maximum (23) the particle with respect to the energy gain is 2@0$ and taking ') the graph is not to scale. typical values of the parameters = 0.2 (which corresponds to a0 = 0.5 2, and yp = 100 we see that the above gain is about 4. lo3 in units of electron's rest energy or in other words about 2 GeV. This energy is achieved over a 'distance' i of 3 lo4 which is about 50 cm. The actual gain will be smaller if the pump depletion [12] is taken into account. Keeping in mind this tentative 'design' of one stage, we now look at the multistaging effects.
MULTISTAGE ACCELERATION
When we try to accelerate particles to TeV energies, we need to investigate problems associated with the multistaging. In order to carry this out, we would like to obtain a map which describes the one to one correspondence between the entrance coordinates and the exit coordinates of the beam particles during the propagation of the beam trough many accelerating stages and use it to build a systems code. As in the standard RF linac theory, we have a reference particle moving along the ideal (design or synchronous) orbit. All other particles in the bunch will be described by their relative position with respect to the reference one.
The linearized equations of motion for the longitudinal degrees of freedom are:
where n enumerates the stage, Qs is the 'synchronous' phase, A is the phase slippage per accelerating stage (actually it can also depend on n). Because of the fact that we are considering extremely high energy particles (y -lo5 -10' ) the eqBation (24) decouples from (25) (There is a very small coupling term N l/y2). Formally -~~ 2, We take a = 0.5 to be still in the 'controlled' linear regime.
the equations look the same as in standard linac theory when the synchrotron oscillation frequency approaches zero. However, the physical regime of operation is quite different from the RF linac -we have a significant phase slippage over a stage (it is precisely this slippage which gives us the energy gain). And it also limits the maximurn possible gain per stage. This difference comes from the fact that the plasma wave is rdativdy "do+' ( T~ M EO@, instead of m). From equations (24) and (25) we see that in the approximation we are working in the phases of the particles do not change and the absolute energy spread increases linearly with the stage number (actually this is the beginning uf a very slow synchrotron oscillation which happens on a time scale much greater than the time it takes a particle to travel the whole accelerator). Now let us consider the transverse motion. It is described by 1 y 1q2 
(2!3)
and 6 = f i u. In the high energy regime the third term in the square brackets in (26) is negligible and the second term is usually also small because of the proportionality to l/$. Still, in the cases of very weak focusing we have to take it into account (for instance, in plasma channel). More generalty, the equation we are considering is Hill's equation:
An analytic solution can be fs\n~lid when some additional approximations are used. We treat two simple cases where we can abtaimn analytical results easily before we discuss the general case. The simplest and the first thing to do is to approximate the focusing function in (SO) by some constant value and then the equation describes just a simple harmonic oscillator. We adopt this, and also assume just a free drift (which can be replaced by magnets, if necessary) of the particles between the stages. Let us forget for a moment that the particles are being accelerated, and that the strength of the focusing force actually depends on the stage even if the stages aire physically identical. To get a stable solutions we need to satisfy:
where M is the transfer matrix: where N is the total number of stages. When we do not have any drift space, the solutions are always stable. If we increase k keeping the other parameters fixed at some point we reach a "blow-up)) of emittance. So the maximum distance between the stages is limited. The trace of M is:
and for stability it should satisfy (31). This result was used to check the map code -up to a some value of L there is no emittance growth (see Figure 2) and after that we indeed find the "blow up)). Now, this calculation does not take into account the fact that particles accelerate and wp is decreasing ( wp = d z ). Also in reality particles have different (random) phases with respect to the wakefield and different energies which causes a spread in the individual particle betatron frequencies. Therefore , the above analysis should be done for each particle separately, but if the differences in their phases are small the conditions for stable motion are practically the same for all the particles. The other case is when the argument of the sine in (26) is relatively small and we can use sin(x) x x. In this case (26) reduces to z -ziii = 0, whose solutions are well known -they are expressible as linear combination of the Airy functions Ai (2') and Bi (2').
In the general case we can do the following analysis. Suppose we know two fundamental solutions to (30) when 6Qn = 0. Say $ ( i ) and G2(S). Then 2.25e-09 -1 FIGURE 2. The normalized z-emittance E , vs. stage number N ; y,=lOO, L=lOOOO, ez=2.2 nm, rs=O.5mm, a0 = 0.5, no acceleration, no dislocations, by/y=O.Ol, bQ = 0.01. The point here is that even though in general ii1(2) and fii2(2> cannot be found in analytical form and we need to find them numerically it has to be done only once, because they are the same for all the particles. This is an exact statement only if we neglect spread in y, in general it is not possible, m d then the solution is to linearize (30) assuming Sy and SQ small and then do perturbation analysis. Of course the above analysis would modify the map but it is not going to change the final results significantly. So, in general (of course, we again incorporate the drift space) 7 We note that because of the common structure of the wakefield in all plasma based accelerators the obtained map, with just slight modifications, can be used to analyze their performance as well.
And let us assume that
We coded the map in the case of a constant betatron frequency (a different constant for each stage and each particle depending on the stage number and particle distribution in the ( 7 ) Q) phase space) and tests showed that when we start with a normalized r.m.s. emittance of E , = 2.2nm (and in the code particles of course get accelerated) up to some value of the drift space the emittance is preserved (See Figure 3) . This emittance corresponds to the 5 TeV design I presented in [4].
JITTER AND NOISE
For a complex system cumulative errors can give rise to a surprising (and often unpleasant) result. We identify that one of the most important such effects stems from the transverse jitter of the aligned wakefield (by whatever mechanism) stage by stage. The problem here is that up to this point we have not considered possible dislocation of the consequent stages. This, combined with the fact that the focusing force is different for different particles can lead to a severe emittance growth. Basically, what happens is that all particles rotate at different angular velocities in the phase space and if there is a stage position shift present, we get a characteristic "banana" shaped distribution (it is "banana" shaped only if the dislocation size is larger than the beam size, but in any case the particle distribution gets diluted because of the misalignments). This process critically depends on the magnitude of the betatron frequency spread which means that the typical strength of the focusing force is of great importance. The effect of plasma noise (or other noise, such as laser or the boundary) on the particle dynamics over a stage may be incorporated in a map similar to the stage-by-stage jitter. Such dynamics results in a fuzzy or stochastic [14] map.
We consider the case of stage jitter (in reality there are longitudinal stage jitters as well, but in this paper we restrict ourselves to the transverse case only). The dislocation of the aligned position of each stage is given in our code as a stochastic variable which has a Gaussian distribution. The map is modified according to: Figure 4 and Figure 5 . We see that in this case (corresponds to design. I 141) we have a severe emittance growth (the initial normalized emittance is 2.2 nm). We have to point out that even though there are cases corresponding to large spot sizes which preserve the normalized emittance quite well their practical realization would require a huge laser power probably well above any future experimental limits. The other possible way to cure the situation is to increase the number (of stages (and decrease y p ) which also does not seem plausible (it may be difficult practically to have more than a thousand stages). To control the laser aiming and beam position better than 0.1 ym during the acceleration process is also not promising. In general, the way to alleviate the situation is to decrease the strength of the focusing force. Here comes the idea of possible use of a preformed hollow plasma channel 1151. The C O~U S~O R is that the problem is quite serious and should be analyzed in d e t d . We do 4 % b t a f d b w up paper to appear in the same proceedings. Mere we just note that in the case of a initially uniform plasma, for typical values of parameters, we encounter a severe emittance growth in the presence of small stage jitters. The difficulty is primarily due to the fact that the wakefield focusing force is too large in this case. We should also remember that the above considerations do not include any nonlinear effects which also contribute to the phase area increase, not to mention that in addition to all of the above we have to come up with a mechanism for guiding of the laser pulse (when the laser spotsize is small), otherwise the diffraction may limit significantly the acceleration length which is incompatible with our design.
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Oe+00 0 500 1000 N FIGURE 4. The normalized x-emittance ez vs. stage number N ; y,=lOO, lases wavelength X = lpm, e=lOOOO, ~:=2.2 nm, rS=0.5mm, a0 = 0.5, dislocation size = O.lpm, by/y=0.01, 6 9 = 0.01. The final energy is 2.5 TeV.
CONCLUSION
We studied the cumulative effects of the successive acceleration, transport, and focusing in the laser wakefield (or its sister methods) over many stages. Such cumulative dynamical behaviors are important to investigate for real world accelerators such as a high energy collider. Errors arising from the jitter of each stage or equivalently (in our map approach) the noise in the system can accumulate in such a way to degrade some of the parameters of the beam. The most crucial of these may be the emittance (or the entropy) of the beam. We showed that a set of stages with an ideal wakefield acceleration, drift, and focusing can preserve even a very small emittance over a thousand stages while the energy of the accelerated particles reaches the goal of 5 TeV center of mass energy.
When we have stochastic variables on the wakefield (we chose the stage jitter of the axis of the wakefield in particular), the emittance can significantly increase over the many stages due to the strong focusing of the wakefield. This is probably the most serious effect on the long range behavior of the beams in this kind of accelerator for high energy applications. Search for the best parameter set in the
